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ABSTRACT

J. Lindenstrauss proves in [L] that ¢o(I') is not quasicomplemented in
1°(T") while H. P. Rosenthal in [R] proves that subspaces, whose dual
balls are weak* sequentially compact and weak* separable, are quasi-
complemented in [°°(T'). In this note it is proved that weak* separability
of the dual is the precise condition determining whether a subspace, with-
out isomorphic copies of ;3 and whose dual balls are weak* sequentially
compact, is quasicomplemented or not in [°°(T'). Especially spaces iso-
morphic to {p(T), for 1 < p < 00, have no quasicomplements in {°°(T) if
I" is uncountable.

Let X be a Banach space and let Y be a closed subspace of X. A closed
subspace Z of X is said to be a quasicomplement of Y in X if ZNY = {0} and
Z +Y is dense in X. This notation was introduced by F. Murray and Mackey
[M] proved that in separable Banach spaces every closed subspace has a quasi-
complement. The first example of a closed subspace without a quasicomplement
was given by Lindenstrauss in [L], where he proves that co(T') is not quasicom-
plemented in [°°(T") if ' is uncountable. On the other hand Rosenthal proves in
[R], Theorem 2.9, that closed subspaces with weak* separable and weak* sequen-
tially compact dual balls (W*SCDB for short) always are quasicomplemented in
[°(T"). In this note we will prove that weak* separability of the dual is the prop-
erty that determines the quasicomplementedness in [*°(T') for a closed subspace
with W*SCDB but without isomorphic copies of [;. This shows that, besides
co(T), Ip(T), for p > 1, are not quasicomplemented in [*°(T") if T is uncountable.
Our proof is based on the fact that a set D C [°°(T) is limited if D does not
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contain an isomorphic copy of the basis vectors of {1; see [J1] or [J2] for a different
proof. Recall that a set D in a Banach space X is called limited if any sequence
of pointwise convergent (weak* convergent) continuous linear functionals on F
converges uniformly on D.

THEOREM 1: Let X be an injective Banach space and let Y be a closed subspace
whose dual balls are weak* sequentially compact. IfY contains a closed subspace
Yy without isomorphic copies of l; and whose dual is not weak* separable, then
Y has no quasicomplement in X. Especially spaces isomorphic to cy(T") or 1,(T),
1 < p < o0, are not quasicomplemented in (T} if ' is uncountable.

Before proving the theorem we recall some basic facts about limited sets.
Obviously relatively compact sets are limited and limited sets are bounded.
Banach spaces with no more limited sets than the relatively compact ones are
called GP-spaces after Gelfand and Phillips. The following Lemma is well known:

LEMMA: Banach spaces with W*SCDB are GP-spaces.

Proof:  Assume that X is not a GP-space. Then there exists a limited set
D C X which is not relatively compact. That D is not relatively compact en-
sures the existence of a bounded sequence (¢,)jen C X* separating a bounded
sequence (a;);eN C D, i.e., p;(a;) = 1 but lim,_, ¢, (ax) = 0 for every k (espe-
cially (a;),en cannot be relatively compact). Since no subsequence of (¢;)jeN
converges uniformly on D and D is limited, (¢;),en has no weak* converging
subsequence. Thus X has no W*SCDB and the Lemma is proved. |

We also need the following result which is an easy consequence of [J1] (note
that limited sets are called weakly bounding in [J1]), where it is proved that a
subset D is limited in {°°(A) if and only if D contains no sequence isomorphic to
the standard basis of /3. Another proof is given in [J2].

THEOREM 2: A subset D of an injective Banach space X is limited if and only
if D contains no sequence isomorphic to the standard basis of ;.

Proof: We may assume that X C [*°(A) for some index set A. Let : X — X
be the identity mapping and % be its extension z: [°(A) — X which exists since
X is injective. If D is not limited in X, D cannot be limited in [°°(A), because
if (¢);en C X* converges pointwise to 0 on X, then (¢ o i),en C (I°(A4)*
converges pointwise to 0 on {*(A4). Thus D contains a sequence isomorphic to
the standard basis of I; according to [J1] or [J2]. Conversly, if D contains a
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sequence isomorphic to the standard basis of I;, D is not limited in {*°(A) and
hence not in X by restriction. |

Proof of Theorem 1: Assume that there is a quasicomplement Z to Y in X and
let T: X — X/Z be the quotient map. Since Y has a dense linear image in X/Z,
X/Z also has W*SCDB according to [D] p. 227. It then follows from the Lemma
that X/Z is a GP-space.

Let By, denote the closed unit ball in Y. By, is limited in X according to
Theorem 2 because Yy does not contain an isomorphic copy of I; by assumption.

The restriction map T'/Y} is injective and hence its adjoint has a weak* dense
range. Since the dual of Y} is not weak* separable, the adjoint cannot be a com-
pact operator. Thus T'/Y, is not compact either. Since T'(By,) is not relatively
compact it is not limited in the GP-space X /Z .

Let (¢,),en C (X/Z)* be a sequence of pointwise convergent continuous linear
functionals which does not converge uniformly on T(By,). Then (¢; o T),en C
X* converges pointwise on X but not uniformly on By,. Thus By, is not limited
in X though By, contains no sequence isomorphic to the standard basis of ;.
This contradicts Theorem 2 and completes the proof. 1

Remark: Rosenthal’s construction always gives T'(By) relatively compact in
[*(T')/Z, T being countable or not, if Z is a quasicomplement of Y. The proof of
Theorem 1 shows that we cannot do better if Y does not contain an isomorphic
copy of [;.
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